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1 Inroduction

The concept of complete convergence was introduced by Hsu and Robbins!! as fol-
lows: a sequence {X,,n > 1} of random variables is said to converge completely to the

constant 0 if, for any € > 0,

D P(IXn—6]>¢) < o

n=1
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By the Borel-Cantelli lemma, this implies that X,, — 6 almost surely, and so com-
plete convergence is a stronger concept than almost sure convergence. Hsu and Robbins!!!
proved that the sequence of arithmetic means of i.i.d. random variables converges com-
pletely to the expected value if the variance of the summands is finite.

Recently, Sungl? obtained the following complete convergence for weighted sums of

p*-mixing random variables.

Theorem 1 Let1/2<a<1,p>1/a,{X,,n > 1} bea sequence of identically dis-
tributed p*-mixing random variables with E (X;) = 0. Assume that {an;, 1 <i < n,n > 1}

is an array of positive real numbers satisfying

n

> Jani]? = O(n) for some ¢ > p. (1)
=1

If E (] X1|") < oo, then for any € > 0,

Zno‘p 2P | max
1<k<n

Conversely, if (2) holds for any array {a,;} satisfying (1), then E (| X;1]”) < oo.

> en ) < o0. (2)

Chow!®! defined the concept of complete moment convergence as follows:
Let {X,,n > 1} be a sequence of random variables, and {a,,n > 1}, {b,,n > 1} be

two sequences of positive real numbers. If for any € > 0 and ¢ > 0, we have

ianE ({b;l | X 0| — 8}3_) <

where a4 = max{0,a},a = (ay)?, then {X,,,n > 1} is said to be complete ¢g-th moment
convergent.

Wu et al.l¥ extended the complete convergence of Sung’s type weighted sums of
sequences of p*-mixing random variables to complete moment convergence. Recently, Wu
et al.’) introduced the concept of complete f-moment convergence, which is stronger than
complete moment convergence and complete convergence.

Let {S,,n > 1} be a sequence of random variables, {a,,n > 1} be a sequence of
positive constants and f : Rt — RT be a nondecreasing function with f(0) = 0. Then we

say that {S,,n > 1} converges f-moment completely if, for any € > 0,

Zan ({1Sn] = €};)) < oo

It is straightforward to verify that complete f-moment convergence reduces to com-

plete moment convergence if f(u) = u?, and to complete convergence if a, = 1,n > 1,

and f(u) =
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Afterwards, many authors were devoted to studying the complete f-moment conver-
gence and obtained numerous meaning results. For example, Lu et al.lf studied complete
f-moment convergence for widely orthant dependent (WOD) random variables and gave
its application in nonparametric models. Lu et al.l”l obtained the complete f-moment
convergence for sums of arrays of rowwise END random variables under sub-linear expec-
tation space. Wang et al.l8 explored complete f-moment convergence for NSD random
variables. Especially, Wang and Wang? obtained a result on complete f-moment con-
vergence for Sung’s type weighted sums of extended negatively dependent (END) random

variables under some general conditions as follows.

Theorem 2 Letv>0,a>1/2,ap>0,q>pVv > 1,a(pVv) > 1,and {X,,n > 1}
be a sequence of END random variables with mean zero, which is stochastically dominated
(refering to definition 4) by a random variable X. Let {an;,1 <i < m,n > 1} be an array

of constants satisfying

> lanil? = O(n).
=1
If
E (|XP) < oo, v < p,
E (| X[F)log(1 + | X]) < o0, v=p,

E(X]") < oo, v > p,

/no‘} —5) < 00,
+

So far, the corresponding research results on the complete f-moment convergence for

then for any € > 0,

oo

E nP2g | f max
1<k<n

n=1

where p Vv = max{p,v}.

k

Z an; X

=1

Sung’s type randomly weighted sums of rowwise NSD random variables have not been ob-
tained. Now let us recall the concepts of superadditive function and negatively superaddi-
tive dependence. The concept of superadditive function was introduced by Kemperman!*?!

as follows.

Definition 1 A function ¢ : R” — R is called superadditive if ¢(zVy)+ d(x Ay) >
o(z) + ¢(y) for all z,y € R™, where V is for componentwise maximum and A is for

componentwise minimum.

The following concept of NSD random variables, which is weaker than negative asso-

ciation (NA) was introduced by Hul',



588 Chinese Journal of Applied Probability and Statistics Vol. 41

Definition 2 A random vector X = (X1, Xs,---, X,,) is said to NSD if
E(d)(Xl)X?a >Xn)) <E(¢(XT’X;’ 7XT*L))7 (3)

where X7, XJ,---, X are independent such that X and X; have the same distribution

for each i, and ¢ is a superadditive function such that the expectations in (3) exist.

A sequence {X,,n > 1} of random variables is said to be NSD if for all n > 1,
(X1,X2, -+, X,) is NSD. An array {X,;,7 > 1,n > 1} of random variables is said to be
NSD if for all n > 1,{X,;,7 > 1} is NSD.

Shen et al.1? obtained the almost sure convergence for NSD sequences and the strong
stability for weighted sums of NSD random variables, which extend the corresponding
results for independent sequences and NA sequences without necessarily adding any ex-
tra condition. Wang et al.l!3] presented the Rosenthal-type maximal inequalities and
Kolmogorov-type exponential inequality for NSD random variables, studied the complete
convergence for arrays of rowwise NSD random variables and weighted sums of arrays of
rowwise NSD random variables. Wang et al.l4 obtained the complete convergence for
weighted sums of NSD random variables and its application in the the errors-in-variables
(EV) regression model. Xue et al.l'® investigated the complete moment convergence for
maximal partial sum of NSD random variables under some more general conditions. Shen
et al.') investigated the complete convergence and complete moment convergence for ar-
rays of rowwise NSD random variables and presented some sufficient conditions to prove

the complete convergence and the complete moment convergence.

In addition, we need to present the concept of slowly varying function and stochastic

domination as follows.

Definition 3 A real-valued function [(x), positive and measurable on (0,00), is
said to be a slowly varying function at oo if
l(Ax)

z—oo [(x)

=1 for each A > 0.

Definition 4 A sequence {X,,,n > 1} of random variables is said to be stochasti-
cally dominated by a random variable X, if for all x > 0, there exists a positive constant
C such that

sup P (| X, | > z) < CP(|X]| > x).
n>1

[17]

Wang et al.l' ! obtained complete moment convergence of Sung’s type weighted sums

of sequences of NSD random variables.

Theorem 3 Let 0 < p < 2,ap > 1,{X,;,1 <i<n,n>1} be a triangular ar-
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ray of rowwise NSD random variables stochastically dominated by a random variable X,
E(X,i) = 0. Let {4,;,,1 <i<n,n>1} be a triangular array of rowwise independent

random variables, which is independent of {X,,;,1 < i< n,n > 1}, and
n
> E(|4ni|) =0(n), 1Vvp<g<2.

If
E(|X[P)1(|X[V%) < oo, l<p<2,
E(IX)(|X[V*) log(1 + [X]) <00, p=1,
E (| X]) < oo, 0<p<l,

then for any € > 0,

o

ap—2—a _
Zln I(n)E (1@% Z Api X
n=

) < 00, (4)
n

and thus
ap—2
ngln I(n)P <1r£1]?<xn E AniXni

Theorem 4 Letp>2,ap > 1,{X,;,1 <i<n,n > 1} bea triangular array of row-

>En><oo. (5)

wise NSD random variables stochastically dominated by a random variable X, E (X,,;) =
0,E(|X|P)I (|X|1/a) < 00. Let {Api, 1 <i<n,n>1} be a triangular array of rowwise
independent random variables, which is independent of {X,;,1 <i <n,n > 1}, and

Y E(|4i") = O(n), g¢>2(ap—1)/(2a—1).
i=1
Then for any € > 0, (4) and (5) also hold.

Inspired by the literature above, especially [9] and [17], we aim to establish some suf-
ficient conditions for complete f-moment convergence for Sung’s type randomly weighted
sums of NSD random variables which extend and improve the results of complete moment

convergence in Theorems 3 and 4.

This paper is organized as follows. Some preliminary lemmas and inequalities for
NSD random variables are provided in Section 2. The main result and some corollaries
are given in Section 3. An application in a nonparametric regression model based on NSD
errors is presented in Section 4. Throughout the paper, we will denote by C' a positive

generic constant, which may be different in various places.
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2 Preliminary lemmas

In this section, we give some important lemmas which will be used to prove our main

results. The following one was presented by Hulll.

Lemma 5 Let (X, X2, -+, X,) be NSD.

(i) (=X1,—X2, -+ ,—X,) is also NSD.
(ii) If g1, 992, - - , gn are all nondecreasing functions, then (g1 (X1),92 (X2), -+, gn (Xp))
is NSD.

The next one comes from Wang et al.ll7).

Lemma6 If {X;,1 < i< n}isasequence of NSD random variables, {Y;,1 < i < n}
is a sequence of non-negative independent random variables, and the two sequences are
independent with each other. Then {X;Y;,1 < i < n} is still a sequence of NSD random

variables.

The first inequality in Lemma 7 is the Marcinkiewicz-Zygmund inequality and the
second one is the Rosenthal-type inequality for NSD random variables, which can be both
found in [13].

Lemma?7 Let {X,,n > 1} beasequence of NSD random variables with E (X,,) = 0,
E (] X,|") < oo for each ¢ > 1, and then there exists a positive constant C' depending only

s such that
k

2%
i=1

1=

S
n

) <SCY E(XiP), 1<s<2,
=1

E | max
1<k<n

) iE(‘Xi]8)+<iE(]Xi\2>)S/2 s>

i=1 i=1

X;
(m Z

The following lemma comes from Wu et al.l4).

Lemma 8 Let {Y;,1<i<n},{Z;,1<i<n} be two sequences of random vari-

)

ables. Then for any € > 0,a > 0,q > r > 0, the following inequality holds

T
- 5&)

where C, =1if0<r<lorC,=2""1ifr > 1.

k

Z(YH-ZD
1

k
max
1<k<n |4
1=

> Y

r
<Crle?+ —— ) a"9E | max
q—r 1<k<n =1

>z )

E

+ C,E < max

1<k<n
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The following lemma is an important property of stochastic domination. The first

inequality and the second inequality can be found in[18] and [19].

Lemma9 Let {X,;,7 > 1,n > 1} be an array of random variables which is stochas-
tically dominated by a random variable X. For any m > 0, and d > 0, the following two

statements hold:

E (1Xnil™) I (| Xni] < d) < CL[E(IX]™) I(|X] < d) + d™P(|X]| > d)],

E (| X0i|™) I (| Xni| > d) < CoE(|1X]™) I(|X]| > d),

where C7 and Cy are positive constants. Thus, E (| X,;|"") < CE (| X|™).
The last lemma was given by Bai and Sul20.

Lemma 10 Let X be a random variable and I(-) > 0 be a slowly varying function,

the following three conclusions hold:

(i) if &« > 0,7 > 0, then

Y nT'E(XIM) L (IX] > n7) < CE(1X|)log(L + | X]);

(ii) if 8> -1, > 0,7 > 0, then

Znﬁl E(IX[") 1 (1X] > ") < CE (|X |0 1 (|x177])

(iii) if B < =1, > 0,y > 0, then

Znﬁl E(|X[*) I (1X] < n7) < CE (IX |+ 0 ) 1 (|x170]).

3 The main result and its proof

Firstly, we introduce a function
f:RT - RT,
which is increasing and continuous with f(0) = 0.
Let
g:RT - RT,

g(t) be the inverse function of f(t), and satisfy g(f(¢)) = t,t > 0. Assume that for some

positive constants d,7 > 1, the function f : RT™ — R™ satisfies

/OO g " (t)dt < oo. (6)
£
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Remark 1  Concerning the conditions on f and g, we can refer the readers to[5-9],
for instance. Note that (6) is easily satified, and the most interesting case is to consider

the function f(t) =t9,t > 0,0 <qg <.
Using the above functions f and g, we give the following main result and its proof.

Theorem 11 Let a > 1/2,ap > 1,1 <r < 2,p > r{X,,1 <i<n,n>1} be a
triangular array of NSD random variables with mean zero, which is stochastically domi-
nated by a random variable X. Let {A4,;,1 < ¢ < n,n > 1} be a triangular array of rowwise

independent random variables, which is independent of {X,,;,1 <i < mn,n > 1}, and
Y E(|4ul) =0(®), ¢>(pV2pa—1)/(2a—1)). (7)
If
E(XP)(1X]) < o0, (8)

then for any € > 0,

Znap 2Un)E (f ({|Sn —¢l},)) < o0,

E Ame

Proof For any € > 0, it follows that

Z”a” “UmE (f ({ISnl = £}))

where S,, = max /n*1<i<nn=1.

<k<n

_ neP=21(n —€

_; I >/0 PLf ({1l —e}y) > ] dt

:;nw—%(n) /0 P [{ISnl — €}, > g(t)] dt
) f(9)

:;nap—%(n)/o P (1Sl > £ + g(t)) dt

+Znap2z(n)/ P (IS > & + g(t)) dt
~ 56)
éHl + Hs.

According to Theorems 3 and 4, we can easily see that

/ an 2(n)P (|Su] > £)d an 2(n)P (|Su] > ) < oo

Thus, in order to prove Theorem 11, we need to show Hy < co. By Markov’s inequality
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and (6), we have

00 k r 00
Hy < Znap_Q_ml(n)E (fgﬁg{n ZAm-Xm- — eno‘> / g "(t)dt

n=1

o0 k r
ap—2—ar . 1 o'
< ; n l(n)E (1I£I?<Xn Z A Xl —en )

Let us make some notations for 1 < i < n,n > 1 as follows.
Ym - Anz (_naI (an < _na) + XmI (‘Xn2| < na) + n*Il (X’m > na)) ’
Zni = AniXni — Yni = Ani (X'm + na) I (Xm < _na) + Ap; (X'm - na) I (Xm > na) .

By E (X,;) =0 and Lemma 8, we can get that

Z Aanm -

o0
Hsy < E nap*Q*o”"l( max
1 1<k<n

n=

00 k "
_ ap—2—ar _ ) - )| — en®
Cz:ln I(n)E (12% Z (Yi — E(Yni) + Zni — E(Zni))| —en >
— = +

[e.9] k i
o 9
<C E anép 2=ar](n)E (fél&xn Z (Yoi —E(Yni) + Zni — E(Z))| — 2na>
n= .

oo
<C E nap*Q*aql max
1 1<k<n

n—=

oo
ap—2—ar
+CZn l(n)E (121&}(” >
(2

n=1

2 Hy+ Hy.

Next, according to Lemma 9, Lemma 10, (7) and (8), for r < p < ¢, it is easy to

obtain

cznap 2o ZE —E(Zu)l)
CZno‘p Zmar(p ZE | Zni|")
_Cznap 27T(n ZE [ Anil") E (|1 Xni| = n%)") I (| Xpi| > n®)

< C’Znap_l_ml(n)E (X)) I (| X]>n)
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< CE(|IXP)1 (|X|1/a) < .

In order to prove Hs < oo, we will divide it into two cases.
Case 1: a>1/2,ap > 1,1 <p < 2,p < q< 2 It follows from Lemma 5 and 6 that
{Yni —E(Yni),1<i<n,n>1} is still an array of rowwise NSD random variables. By

Lemma 7, Lemma 9, C,— inequality and Hoélder’s inequality, we can get

Cznap 2— 4] (p, ZE Vo)

CZnC”’ 27 (n ZE ([Ani|") [E(IX19) T (I X] < n®) + 0P (| X] > n®)]
< CZno‘p_l_aql(n)E(|X|q)I(]X| —I—C'Zno‘p Un)P (|X| > n®)
£ Hsy + Has.

When ¢ > p, by Lemma 10, we can obtain H3; < co. Next, we need to prove that

H39 < 0o. Similar to the proof above of Hsy, we have

Hgg_cznap U(n ZP m* < |X| < (m+1)%)

n=1

:cip(maqm (m+1)* Znap U(n

m=1
<CD mPlUm)P (m* < |X| < (m+1)%)
< CE(|X[P)1 (\XW@) < .

Case2:a>1/2,p>2,q>2(pa —1)/(2ac — 1).
By Lemma 7, when ¢ > 2(ap — 1)/(2a — 1), note that

a/?
C’Zno‘p 2= (n ZE Vol 7) +CZno‘p 2= (n (ZE(Y@))

=1
£ Hy + Hi,.

We obtain by Lemma 9, Lemma 10 and (7) that
Hiy <O n™727%(n) Yy T E (| 4ul") (E(1X]) L (1X] < n®) + 0P (|X| > n%))
=1
< CZnap_l_aql(n)E (X9 I(X]<nY)+ CZn“p_l_al(n)E (IXDI(X]>n%)
— n=1

< 2CE(IX|P)1 (|X||1/a) < .
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Next, we go on to prove that Hj, < co. It follows from (7) that > E (]Am]2> = O(n).
i=1

When p > 2, we have by (8) that E (|X]2) < oo. By Holder’s inequality, we have

q/2
H,, < cznap 2-ag)(p (ZE<|AM| ) n2*P (|X| > n®) +E (|X?) T (|X] @ﬂ)))

CZno‘p 2-aq)(p, (ZE<|AM| JE(IX] ))W2

<C Z pitep—1=(a=1/2)a) ) (E (|X]2))q/2

n=1

< 00.

When p = 2, (8) holds. Thus, when 0 < § < (2aq—q—2ap+2)/aq, E (|X[*7°) < .

By Lemma 9, we can get

q/2
Hi, < cznap“qz (Z\Amr (1xP) 1 <\X\<na>+n2ap<rx>na>)>

a/2
CZnap 2-aqj(y, (Z\Amy (E (]X\2_5> n®7 (|X]| gna)+n2ap(yxy>na))>

2
< CZ ROP=204] () /2 (E (|X;H) R (|X| < n®) + 2n2°P (| X| > na))Q/

na(2-9)

/2
> E(X2%)\*
< Cznap—Z—aql(n)nq/Q (na5 + 2n2a (| | ))
n=1

< Cznap—Q—aq+q/2+a5q/2l(n) < 0.

n=1

This completes the proof of Theorem 11. (I

Remark 2 In view of the proof above, the essential tools are the Rosenthal-type
maximum inequality and the Marcinkiewicz-Zygmund type maximum inequality which are
also available for independent sequence, NA sequence, END sequence, WOD sequence, a-
mixing sequence, ¢-mixing sequence, ¢*-mixing sequence, identically distributed p-mixing
sequence, and so on. Hence, the main results also hold true for these sequences.

We introduce the same functions f and g as in Section 3 and satisfy (6). It is easy to

obtain the following corollaries.

Corollary 12 Leta>1/2,ap> 1,1 <7 < p,{Xni,1 <i<n,n > 1} be a triangu-
lar array of NSD random variables with mean zero, which is stochastically dominated by a

random variable X satisfying (8). Let {an;, 1 <i < n,n > 1} be an array of real numbers
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satisfying

D an|"=0(n) q> (pV2pa—1)/(2a —1)). (9)
=1

/ _5} <.
+

S
ap—2

nzz:ln l( <1I£I?<Xn Zam ni

>en ) < 0.
Proof By the condition of assumption, we have

ap72 B
Zn ImE | f {1211?<Xn Zam i / s}
> oo
_ ap—2
_;np l(n)/o P([ ({1I<nl?<xn Zam m/ —5}>] >t> dt
o0 oo .
= Oép—zl P n'Lan a " dt
Zn (n)/o {1‘5??” Za n 5} > o(9)
e =1 N
= ap—2 ee P .
;n l(”)/(; llékgxn Z i Xni /TL > g(t) +e
= a2y [T
> ap— )
/;n <TL)/o 1hen Zam il [ N >ete
ap—2
E)r;n i) <1ril/?<xn Za’“ ni| > 2en® ) :

This completes the proof of corollary 12. O
Remark 3  According to Corollary 12, it follows that the complete f-moment con-

Then for any € > 0,

[oe)

Zno‘p_2l(n)E max Zam ni
1 1<k<n

n=

Thus,

dit

dt

vergence is a stronger concept than the complete moment convergence.

Concerning the condition on f(¢), we point out that (6) holds trivially if we take
f(t) =t°,t>0,1 < s <r. Hence, we can obtain complete moment convergence similar to

Theorems 3 and 4 according to Theorem 11 and Corollary 12.

Corollary 13 Let a > 1/2,ap > 1,1 < s < 2,8 < p{ X, 1 <i<n,n=>1}
be a triangular array of NSD random variables with mean zero, which is stochastically

dominated by a random variable X satisfying (8). Let {an;, 1 <i < n,n > 1} be an array
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S
a} < 0.
+

D

ap—2
E:In l(n)P (fgﬁxﬂ Zam nil > en ) < 00.
n—=

Remark 4 Obviously, when s = 1, Corollary 13 is equivalent to Theorems 3 and

of real numbers satisfying (9). Then for any £ > 0,

(o]

g nap_as_Ql max E GniXnil —
1<k<n

n=1

Thus,

4, respectively. Thus, we extend the related results in [17].
Taking a,; = a; in Corollary 13, we have the following corollary.

Corollary 14 Let a > 1/2,ap > 1,1 < s < 2,5 < p,{X;,7 > 1} be a sequence of
NSD random variables with mean zero, which is stochastically dominated by a random

variable X satisfying (8). Let {a;,7 > 1} be an array of real numbers satisfying

Z la;]? = O(n), q¢>(pV2pa—1)/2a-1)).

Then for any ¢ > 0,

oo

Z neP=ov=2](n)E max
1 1<k<n

n=

k

ZE:CM)Q

S
—sna} < 0.
+

o0
Zno‘pﬂl(n)P max >en® | < oo.
e 1<k<n

If we take 1 < s <1< 2,{X;,i >1},l(n) =1,p=2l,a0 =1/l in Corollary 14, we can

Thus,
k

Ez:a¢AQ

get the following result directly.

Corollary 15  Let 1 < s <1< 2,{X;,7 > 1} be a sequence of NSD random variables
with mean zero, which is stochastically dominated by a random variable X satisfying (8).

Let {a;,i > 1} be a sequence of real numbers satisfying
n
D lail*=0(n), q>20/(2-1).
i=1

If E (|X|*) < oo holds, then for any & > 0.

[e's) k
g n~Y/'E max g a; X;

1<k<n |4 1

1=

n=1

S
enl/l} < 0.
+
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Therefore,

(e.)

ZP max Zaz
1<k<n

n=1

>£n l) < 00.

4 An application in nonparametric regression model

Consider the following nonparametric regression model:
YnZ:h(*/EnZ)—i_enZ:Z:vav 7n7n> 17 (10>

where the regression function h(-) is an unknown Borel measurable function defined on
the compact set A C R™,m > 1, x,; are known design points from A, and €,; are
random errors such that (€,1,€n2, -, €nn) have the same distribution as (€1, €2, -, €,).

We consider the following randomly weighted regression estimator of A(-) :

Zwm VYo, 2 € AC R™, (11)
where wyi(z) = wni(T, Tn1, Tn2, -, Tpn), @ = 1,2,--+ ,n are randomly weighted functions
which are independent of €,;,7=1,2,--- ,n.

The above estimator with constant weight about the model (10) was first introduced
by Stonel?!l and next adapted by Georgiev?? to the fixed design case. Up to now, the
estimator has been studied by many authors; see, among others, [17,23-25].

In this subsection, let ¢(h) denote all continuity points of the function h on A. The
symbol ||z|| denotes the Euclidean norm. For any point z € A, we will consider the

following assumptions on randomly weighted functions wy;(x):

(H1) Yoy E(wni(z)) = 1,n — oo;

(H2) Y1 E(Jwni(2)]) < C < oo, for all n;

(Hz) %4 E(Jwni(@)]) - [R(@ni) — h(x)| I(||2n: — 2| > a) = 0,n — oo, for all a > 0.

We can see that the conditions (H;)—(Hs) are general assumptions. For example,

Priestley-Chao weight

wni() = Ti = Tim1 g (x;%)
n

Tn

and Gasser-Miiller weight

wni() = K (”3 ;nf”") YK (x_rx’”) :

=1 "
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where K(-) is a bounded density function, r, is the bandwidth. Based on the assump-
tions above and Corollary 15, the complete consistency of the nonparametric regression

estimator h,(x) is obtained as follows.

Theorem 16 Let 1 <1 < 2, {€,,n > 1} be a sequence of identifically distribution
NSD random errors with E(¢;) = 0, which is stochastically dominated by a random
variable X satisfying E (| X|?) < oco. Suppose that {wp;,n > 1,1 < i < n} is rowwise
independent and independent of {¢;,1 < i < n}. If conditions (H;)—(Hs) hold and satisfy

D E (|lwni()|?) = O(n'~9/"), for some q > 21/(2 - 1), (12)
=1

then for all = € c¢(h),
hn(z) — h(x), completely. (13)

Proof For any a > 0 and x € ¢(h), by (10) and (11) it follows that

[E (hn(2)) = h(@)] < Y E (lwni(@)]) - h(@ns) = h(@)| I(Jan; — 2l < a)
i=1
+ 3 E(lwni(@)]) - 1h(zni) — h(@)| (|20 — 2] > @)
=1

+ ()] - (14)

D E (wnix)) — 1.
=1

We obtain from z € ¢(h) that for all € > 0, there exists a constant 6 > 0 such that
for all 2/ statisfying |2’ — z|| < §, we have |h(z') — h(z)| < €, and thus by assumptions
(H1) — (Hs) and the arbitrariness of € we have

lim E (hy(z)) = h(z). (15)
n—oo

In order to prove (13), it suffieces to show for all € > 0 by (15)

Z P ( Zwm(x)ei
i=1 i=1

Applying Corollary 15 with X; = €;, a; = wpi(x)n'/!, s = 1, (16) holds immediately. The

> 6) < 00. (16)

proof is completed. O
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